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Abstract
Asymmetric quantum error-correcting codes are quantum codes defined over biased quantum channels: qubit-
flip and phase-shift errors may have equal or different probabilities. The code construction is the Calderbank-Shor-
Steane construction based on two linear codes.
We present families of toric surfaces, toric codes and associated asymmetric quantum error-correcting codes.
Index Terms
Quantum Error-correcting Codes, Error-correcting Codes, Asymmetric Quantum Channels, Algebraic Geometry
Codes, Toric Varieties, Toric Codes.
I. INTRODUCTION
W
ORKS of P.W. Shor [17] and A.M. Steane [23], [19] initiated the study and construction of quantum
error-correcting codes. A.R. Calderbank [5], P.W. Shor [18] and A.M. Steane [22] produced
stabilizer codes (CSS) from linear codes containing their dual codes. For details see for example [2],
[4] and [24].
In [9] and [10] the author developed methods to construct linear error correcting codes from toric
varieties. In [11] we generalized this to construct linear codes suitable for constructing quantum codes by
the Calderbank-Shor-Steane method. Our constructions extended similar results obtained by A. Ashikhmin,
S. Litsyn and M.A. Tsfasman in [3] from Goppa codes on algebraic curves.
Asymmetric quantum error-correcting codes are quantum codes defined over biased quantum channels:
qubit-flip and phase-shift errors may have equal or different probabilities. The code construction is the
CSS construction based on two linear codes. The construction appeared originally in [7], [13] and [25].
We present new families of toric surfaces, toric codes and associated asymmetric quantum error-correcting
codes.
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A. Notation
• Fq – the finite field with q elements of characteristic p.
• F∗q – the invertible elements in Fq.
• k = Fq – an algebraic closure of Fq.
• M ≃ Z2 a free Z-module of rank 2.
•  ⊆MR =M ⊗Z R – an integral convex polytope.
• X = X – the toric surface associated to the polytope .
• T = TN = U0 ⊆ X – the torus.
II. THE METHOD OF TORIC VARIETIES
For the general theory of toric varieties we refer to [6], [8] and [15].
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Fig. 1. The polytope b is the polytope with vertices (0, 0), (a = b+
q−2
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, 0), (b, q − 2), (0, q − 2).
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Fig. 2. The polytope 0 is the polytope with vertices (0, 0), (a =
q−2
r
, 0), (0, q − 2).
A. The toric surfaces Xb and their intersection theory
Let Fq be the field with q elements and let r be an integer dividing q. Let b ∈ Z such that 0 ≤ b ≤ q−2
with a := b+ q−2
r
≤ q − 2.
Let M be an integer lattice M ≃ Z2. Let N = HomZ(M,Z) be the dual lattice with canonical Z -
bilinear pairing < , >: M × N → Z. Let MR = M ⊗Z R and NR = N ⊗Z R with canonical R -
bilinear pairing < , >:MR ×NR → R.
Let b in MR be the 2-dimensional integral convex polytope in MR with vertices (0, 0), (a, 0), (b, q −
2) and (0, q−2) properly contained in the square [0, q − 2]× [0, q − 2], see Figure 1. It is the Minkowski
sum of the line segment from (0, 0) to (b, 0) and the polytope 0, see Figure 2.
The support function hb : NR → R for b is defined as hb(n) := inf{< m, n > |m ∈ 0} and the
polytope b can be reconstructed from the support function
b = {m ∈M | < m, n >≥ h(n) ∀n ∈ N}. (1)
The support function hb is piecewise linear in the sense that NR is the union of a non-empty finite
collection of strongly convex polyhedral cones in NR such that hb is linear on each cone. A fan is a
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Fig. 3. The refined normal fan and the 1-dimensional cones of the polytope 0 in Figure 2
collection ∆ of strongly convex polyhedral cones in NR such that every face of σ ∈ ∆ is contained in ∆
and σ ∩ σ′ ∈ ∆ for all σ, σ′ ∈ ∆.
The normal fan ∆b is the coarsest fan such that hb is linear on each σ ∈ ∆b, i.e. for all σ ∈ ∆b there
exists lσ ∈M such that
hb(n) =< lσ, n > ∀n ∈ σ. (2)
Upon refinement of the normal fan, we can assume that two successive pairs of n(ρ)’s generate the
lattice and we obtain the refined normal fan.
The 1-dimensional cones in the refined normal fan ∆0 of the polytope 0 are generated by unique
primitive elements n(ρ) ∈ NCapρ such that ρ = R≥0n(ρ), specifically are
nρ1 =
(
1
0
)
, nρ2 =
(
0
1
)
, nρ3 =
(
−1
0
)
, nρ4 =
(
−r
−1
)
, (3)
see Figure 3.
There are four 2-dimensional cones in the refined normal fan ∆0:
1) σ1 with faces ρ1, ρ2 and lσ1 =
(
0
0
)
2) σ2 with faces ρ2, ρ3 and lσ1 =
(
q−2
r
0
)
3) σ3 with faces ρ3, ρ4 and lσ1 =
(
q−2
r
0
)
4) σ4 with faces ρ4, ρ1 and lσ1 =
(
0
q − 2
)
.
The 2-dimensional algebraic torus TN ≃ k
∗×k∗ is defined by TN := HomZ(M, k
∗). The multiplicative
character e(m), m ∈ M is the homomorphism e(m) : T → k∗ defined by e(m)(t) = t(m) for t ∈ TN .
Specifically, if {n1, n2} and {m1, m2} are dual Z-bases of N andM and we denote uj := e(mj), j = 1, 2,
then we have an isomorphism TN ≃ k
∗ × k∗ sending t to (u1(t), u2(t)). For m = λ1m1 + λ2m2 we have
e(m)(t) = u1(t)
λ1u2(t)
λ2 . (4)
The toric surface Xb associated to the normal fan ∆b of b is
Xb = ∪σ∈∆Uσ ,
5where Uσ is the k-valued points of the affine scheme Spec(k[Sσ]), i.e., morphisms u : Sσ → k with
u(0) = 1 and u(m+m′) = u(m)u(m′) ∀m,m′ ∈ Sσ, where Sσ is the additive subsemigroup of M
Sσ = {m ∈M | < m, y >≥ 0 ∀y ∈ σ}.
The toric surface Xb is irreducible and complete. Under the assumption that we are working with the
refined normal fan, the surface Xb is non-singular.
If σ, τ ∈ ∆ and τ is a face of σ, then Uτ is an open subset of Uσ. Obviously S0 = M and U0 = TN
such that the algebraic torus TN is an open subset of X.
TN acts algebraically on X. On u ∈ Uσ the action of t ∈ TN is obtained as
(tu)(m) := t(m)u(m) for m ∈ Sσ ,
such that tu ∈ Uσ and Uσ is TN -stable. The orbits of this action are in one-to-one correspondance with
∆. For each σ ∈ ∆, let
orb(σ) := {u :M ∩ σ → k∗|u is a group homomorphism}.
Then orb(σ) is a TN orbit in X. Define V (σ) to be the closure of orb(σ) in X.
A ∆-linear support function h gives rise to a polytope  as above and an associated Cartier divisor
Dh = D := −
∑
ρ∈∆(1)
h(n(ρ)) V (ρ) ,
where ∆(1) is the 1-dimensional cones in ∆. In particular
Dm = div(e(−m)) m ∈M.
Let h0 be the support function of the refined normal fan ∆0. Then
Dh0 =
q − 2
r
V (ρ3) + (q − 2)V (ρ4) (5)
Lemma 1. Let h be a ∆-linear support function with associated convex polytope  and Cartier divisor
Dh = D. The vector space H
0(X,OX (Dh)) of global sections of OX(D), i.e., rational functions f on
X such that div(f) +D ≥ 0, has dimension #(M ∩) and has {e(m)|m ∈M ∩} as a basis.
For a ∆-linear support function h and a 1-dimensional cone ρ ∈ ∆(1) the intersection number
(Dh;V (ρ)) between the Cartier divisor Dh and V (ρ)) = P
1 can be calculated. The cone ρ is the common
face of two 2-dimensional cones σ′, σ′′ ∈ ∆(2). Choose primitive elements n′, n′′ ∈ N such that
n′ + n′′ ∈ Rρ
σ′ + Rρ = R≥0n
′ + Rρ
σ′′ + Rρ = R≥0n
′′ + Rρ
Lemma 2. For any lρ ∈M , such that h coincides with lρ on ρ, let h = h− lρ. Then
(Dh;V (ρ)) = −(h(n
′) + h(n′′).
Proof: See [15, Lemma 2.11].
Let h0 be the support function of the refined normal fan ∆0. Let Dh0 be the associated Cartier divisor
of (5). Then n′ = n(ρ1) and n
′′ = n(ρ4) in the lemma above and h0 = h0 on ρ1, therefore
(Dh0;V (ρ1)) = −(h0(nρ4)) = q − 2 . (6)
In the 2-dimensional non-singular case let n(ρ) be a primitive generator for the 1-dimensional cone ρ.
There exists an integer c such that
n′ + n′′ + cn(ρ) = 0,
6V (ρ) is itself a Cartier divisor and the above gives the self-intersection number
(V (ρ);V (ρ)) = c .
In case of the refined normal fan ∆0 of 0, we have
n′ + n′′ + rn(ρ1) = 0 ,
consequently,
(V (ρ1);V (ρ1)) = r. (7)
B. Toric evaluation codes
Definition 3. For each t ∈ T ≃ k∗ × k∗, we evaluate the rational functions in H0(Xb,OX (Db))
H0(Xb,OX (Db)) → k
f 7→ f(t).
Let H0(Xb,OX (Db))
Frob denote the rational functions in H0(Xb,OX (Db)) that are invariant under the
action of the Frobenius, i.e. functions that are Fq-linear combinations of the functions e(m) in (4).
Evaluating in all points in S = F∗q × F
∗
q ⊆ Xb, we obtain the code Cb ⊂ (Fq)
#S as the image
H0(Xb,OX (Dh))
Frob → Cb ⊂ (Fq)
#S (8)
f 7→ (f(t))t∈T (Fq) (9)
and the generators of the code is obtained as the image of the basis
e(m) 7→ (e(m)(t))t∈S.
as in (4).
Theorem 4. Let Fq be the field with q elements and let r be an integer dividing q. Let b ∈ Z such that
0 ≤ b ≤ q − 2 with a := b+ q−2
r
≤ q − 2.
Let b in MR be the 2-dimensional integral convex polytope in MR with vertices (0, 0), (a, 0), (b, q −
2) and (0, q−2) contained in the square [0, q − 2]× [0, q − 2], see Figure 1. Let Cb be the corresponding
toric code of (8).
Then n := length Cb = (q− 1)
2 and k = dimCb =
1
2
(
q−2
r
+ 1
)
q+ b(q− 1) and the minimum distance
d(Cb) = (q − 1− a)(q − 1).
Proof: As we evaluate in (q − 1)2 points on Xb the length is as claimed. The dimension dimCb
equals the number of integral points in ∆b, which is
1
2
(
q−2
r
+ 1
)
q + b(q − 1).
a) Minimum distance in the special case b = 0, see figures 2 and 3: We bound the number of points
in the support S = F∗q ×F
∗
q ⊆ Xb, where the rational functions in H
0(X0,OX (Dh0 ))
Frob evaluates to zero.
The support S is stratified by the intersections with the zeros of e(m1)− ψ, where ψ ∈ F
∗
q . A rational
function f can either vanish identically on a stratum or have a finite number of zeroes along the stratum.
Identically vanishing on strata: Assume that f is identically zero along precisely A of these strata. As
e(m1)− ψ and e(m1) have the same divisors of poles, they have equivalent divisors of zeroes, so
(e(m1)− ψ)0 ∼ (e(m1))0.
Therefore
div(f) +Dh0 − A(e(m1))0 ≥ 0
or equivalently
f ∈ H0(X0,OX (Dh0 −A(e(m1 ))0 ).
Therefore A ≤ a by Lemma 1.
7Vanishing in a finite number of points on a stratum: On any of the q − 1−A other strata, the number
of zeroes of f is at most the intersection number
(Dh0 − A(e(m1))0; (e(m1))0) = (q − 2)− Ar (10)
following (6) and (7), see [12] .
Consequently, the number of zeros is at most A(q−1)+(q−1−A)(q−2−Ar) ≤ (q−1)2−(q−1−a)(q−1)
as A ≤ a and therefore d(C0) ≥ (q − 1− a)(q − 1).
b) Minimum distance in the general case b > 0, see figure 1: The polytope b with vertices
(0, 0), (a, 0), (b, q − 2) and (0, q − 2) is the Minkowski sum of the line segment from (0, 0) to (b, 0)
and the polytope 0, see Figure 2. Applying [14, Proposition 2.3] and the special case b = 0, we have
the inequality d(Ca) ≥ (q − 1− a)(q − 1) also in the general case.
For pairwise different x1, . . . , xa ∈ F
∗
q the function (e(m1) − x1)(e(m1) − x2) . . . (e(m1) − xa) ∈
H0(X0,OX (Dh0 )) vanishes in the a(q− 1) points (xi, y), i = 1, . . . , a and y ∈ F
∗
q . In conclusion, we have
the equality d(Cb) = (q − 1− a)(q − 1).
C. Asymmetric Quantum Codes
1) Notation: Let H be the Hilbert space H = Cq
n
= Cq ⊗ Cq ⊗ ... ⊗ Cq. Let |x〉, x ∈ Fq be an
orthonormal basis for Cq. For a, b ∈ Fq, the unitary operators X(a) and Z(b) in C
q are
X(a)|x〉 = |x+ a〉, Z(b)|x〉 = ωtr(bx)|x〉, (11)
where ω = exp(2pii/p) is a primitive pth root of unity and tr is the trace operation from Fq to Fp.
For a = (a1, . . . , an) ∈ F
n
q and b = (b1, . . . , bn) ∈ F
n
q
X(a) = X(a1)⊗ · · · ⊗X(an)
Z(b) = Z(b1)⊗ · · · ⊗ Z(bn)
are the tensor products of n error operators.
With
Ex = {X(a) =
n⊗
i=1
X(ai) | a ∈ F
n
q , ai ∈ Fq},
Ez = {Z(b) =
n⊗
i=1
Z(bi) | b ∈ F
n
q , bi ∈ Fq}
the error groups Gx and Gz are
Gx = {ω
c
Ex = ω
cX(a) | a ∈ Fnq , c ∈ Fp},
Gz = {ω
c
Ez = ω
cZ(b) |b ∈ Fqnc ∈ Fp} .
It is assumed that the groups Gx and Gz represent the qubit-flip and phase-shift errors.
Definition 5 (Asymmetric quantum code). A q-ary asymmetric quantum codeQ, denoted by [[n, k, dz/dx]]q,
is a qk dimensional subspace of the Hilbert space Cq
n
and can control all bit-flip errors up to ⌊dx−1
2
⌋ and
all phase-flip errors up to ⌊dz−1
2
⌋. The code Q detects (dx−1) qubit-flip errors as well as detects (dz−1)
phase-shift errors.
Let C1 and C2 be two linear error-correcting codes over the finite field Fq, and let [n, k1, d1]q and
[n, k2, d2]q be their parameters. For the dual codes C
⊥
i , we have dimC
⊥
i = n − ki and if C
⊥
1 ⊆ C2 then
C⊥2 ⊆ C1.
Lemma 6. Let Ci for i = 1, 2 be linear error-correcting codes with parameters [n, ki, di]q such that C
⊥
1 ⊆
C2 and C
⊥
2 ⊆ C1. Let dx = min
{
wt(C1\C
⊥
2 ),wt(C2\C
⊥
1 )
}
, and dz = max
{
wt(C1\C
⊥
2 ),wt(C2\C
⊥
1 )
}
.
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Fig. 4. The polytope bi is the polytope with vertices (0, 0), (ai = bi +
q−2
r
, 0), (bi, q− 2), (0, q− 2). The polytopes giving the dual toric
codes have vertices (0, 0), (a⊥i = b
⊥
i +
q−2
r
, 0), (b⊥i , q − 2), (0, q − 2), where b
⊥
i = q − 2− ai.
Then there is an asymmetric quantum code with parameters [[n, k1 + k2− n, dz/dx]]q. The quantum code
is pure to its minimum distance, meaning that if wt(C1) = wt(C1\C
⊥
2 ), then the code is pure to dx, also
if wt(C2) = wt(C2\C
⊥
1 ), then the code is pure to dz.
This construction is well-known, see for example [2], [4], [17], [23], [20] , [21] [1]. The error groups
Gx and Gz can be mapped to the linear codes C1 and C2.
D. New Asymmetric Quantum Codes from Toric Codes
Let Fq be the field with q elements and let r be an integer dividing q. Let b ∈ Z such that 0 ≤ b ≤
(r−1)(q−2)
r
. Then the polytope b with vertices (0, 0), (a = b +
q−2
r
), (b, q − 2), (0, q − 2) is contained in
[0, q − 2] × [0, q − 2]. Consider the associated toric code Cb of (8). From [16, Theorem 6] we conclude
that the dual code C⊥b is the toric code associated to the polytope b⊥ with vertices (0, 0), (a
⊥ = b⊥ +
q−2
r
), (b⊥, q − 2), (0, q − 2) where b⊥ = (r−1)(q−2)
r
− b such that a⊥ = q − 2− b.
For i = 1, 2 let bi ∈ Z with 0 ≤ bi ≤
(r−1)(q−2)
r
and b1 + b2 ≥
(r−1)(q−2)
r
. We have the inclusions of
polytopes b⊥
2
⊆ b1 and b⊥
1
⊆ b2 , see Fig. 4, and corresponding inclusions of the associated toric
codes of (8):
C⊥b2 = Cb⊥2 ⊆ Cb1 , C
⊥
b1
= Cb⊥
1
⊆ Cb2 .
The nested codes gives by the construction of Lemma 6 and the discussion above rise to an asymmetric
quantum code Qb1,b2 .
Theorem 7 (Asymmetric quatum codes Qb1,b2). Let Fq be the field with q elements and let r be an integer
dividing q. For i = 1, 2 let bi, ai = bi +
q−2
r
∈ Z 0 ≤ bi ≤
(r−1)(q−2)
r
and b1 + b2 ≥
(r−1)(q−2)
r
.
Then there is an asymmetric quantum code Qb1,b2 with parameters [[(q − 1)
2, 1
2
(
q−2
r
+ 1
)
q + (b1 +
b2)(q − 1), dz/dx]]q, where
dz = (q − 1−min{b1, b2})(q − 1)
dx = (q − 1−max{b1, b2})(q − 1)
If b1 + b2 6=
(r−1)(q−2)
r
the quantum code is pure to dx and dz.
Proof: The parameters and claims follow directly from Lemma 6 and Theorem 4.
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